Standby redundancy is a technique that has been widely applied for improving system reliability and availability in system design. In this paper, probabilistic model for a redundant system with replacement at each common-cause failure has been developed to analyze the reliability measures using Markov models. We investigate the reliability and sensitivity analysis of k-out-of-n:G warm standby parallel repairable system. All failure and repair times of the system are exponentially distributed and when one of the operating primary units fails then it is instantaneously replaced by a warm standby unit if one is available. Comparative analysis of reliability measures between two dissimilar configurations has been developed. Configuration Ι is a 2-out-of-4:G warm standby parallel repairable system, while Configuration ΙΙ is a 2-out-of-5:G warm standby parallel repairable system. We get a closed-form solution of the reliability measures of the system for the two configurations. Comparisons are performed for specific values of system parameter. Sensitivity analysis is also carried out to depict the effect of various parameters on the reliability function and mean time to failure of the system. Numerical example is given to illustrate the results obtained.
Introduction
Standby redundancy is a technique used to improve system reliability and availability. Standby redundancy represents a situation with one unit operating and a number of units on standby. Gnedenko et al. (1969) classified standby redundancy according to failure characteristics; hot standby, cold standby, and warm standby. In hot standby redundancy, each unit has the same failure rate regardless of whether it is in standby or in operation. In cold standby redundancy, only one component will be working at any given time, the others being standbys and not working. One of the standby components starts working only when the currently working component fails. In warm standby redundancy, the standbys may fail in standby state but with a failure rate smaller than that of the primary component but is greater than zero. Operative and warm standby units can be considered to be repairable.
Warm standby repairable systems have received attention by several authors. Guo et al. (2012) analyzed the dynamic behavior of a two unit parallel system with warm standby and common-cause failure. The system is composed of three identical units; two units are operating and one unit is in warm standby state. Yun and Cha (2006) proposed a general method for modeling a warm standby system with three units and derived the system performance measures (system reliability and mean life); one unit is operating in an active state and two units wait in warm standby state. Hajeeh (2011) studied reliability and availability for four series configurations with both warm and cold standby and common-cause failure. Dhillon and Yang (1992) and Dhillon (1993) analyzed the reliability and availability of warm standby systems with common-cause failures and human errors. Labib (1991) proposed the stochastic analysis of a two-unit warm standby system with two switching devices. Singh (1989) considered a warm standby redundant system with (M+N) identical units, r repair facilities. The system is under common-cause failure and repair times are arbitrary distributed. Srinivasan and Subramanian (2006) developed reliability and availability functions of a three unit warm standby system with identical components. In this model, one unit is working at the beginning and the other two are in standby.
The k-out-of-n:G repairable system is one of the most popular and widely used systems in practice. The k-out-of-n:G systems have been studied in certain situations where redundancy is of importance. Redundancy is required not only to extend the functioning of the system but also to achieve a certain reliability of the system. The k-out-of-n:G systems can be classified into:
 Active redundant systems (k-out-of-n:G system): in which all the n units are active even though only k units are required for the proper functioning of the system;  Cold standby systems: in which the n-k cold standby units will not be active and upon failure of one of the k active units, cold standby unit will instantaneously replace the failed unit;  Warm standby systems: in which the n-k warm standby units will have a smaller failure rate compared to the k active ones;  Hot standby systems: in which the n-k hot standby units and the k active ones will have the same failure rate.
Due to their importance in industries and design, the k-out-of-n:G systems have received attention from different researchers. El-Damcese and El-Sodany (2014) analyzed the reliability and availability of a k-out-of-n:G system with three failures using Markov model. El-Damcese (2009) presented the reliability and availability analysis of a k-out-of-(M+S):G warm standby system with time varying failure and repair rates in presence of common-cause failure. El-Damcese (2010) presented continuous-time homogeneous Markov process to evaluate availability, reliability and MTTF for circular consecutive k-out-of-n:G system with repairman. El-Damcese (2009) analyzed the k-out-of-n:G system model with critical human errors, common-cause failures and time dependent system repair-rate. Zhang et al. (2006) analyzed the k-out-of-(M+N):G warm standby system. In the system, not all components in standby can be treated as identical as they have different failure and repair rates. Kumar and Bajaj (2014) analyzed the vague reliability of k-out-of-n:G system (particularly, series and parallel system) with independent and non-identically distributed components, where the reliability of the components are unknown. The reliability of each component has been estimated using statistical confidence interval approach. Then converted these statistical confidence intervals into triangular fuzzy numbers. Based on these triangular fuzzy numbers, the reliability of the kout-of-n:G system has been calculated. Moustafa (2008) presented a continuous time Markov chain (CTMC) model to obtain closed form expressions of the mean time between system failures (MTBF) for k-out-of-n:G systems subject to M exponential failure modes and repairs. She and Pecht (1992) made a brief review on standby redundancy techniques. In their research, a general closed form equation was developed for system reliability of a k-out-of-n warm Goel et al. (1989) analyzed a 1-out-of-3 warm standby system with two types of spare units a warm and a cold standby unit, and inspection. A general closed form equation was developed for system reliability of a k-out-of-n warm standby system where components in k-out-of-n:G standby systems were assumed to be statistically identical. An analysis on 1-out-of-2:G warm standby system has been presented by Henley and Kumamoto (1992) . Yusuf and Bala (2013) analyzed the mean time to system failure (MTSF) of a repairable 2-out-of-4 warm standby system. Yusuf and Gimba (2013) analyzed the MTSF of 2-out-of-5 warm standby repairable system with replacement at the occurrence of each common-cause failure using Kolmogorov's forward equations method.
In recent years, it has been realized that in order to predict realistic reliability and availability of standby systems, the occurrence of common-cause failures must be considered. Common-cause failures can only occur in the system with more than one good unit. A common-cause failure is defined as any instance where multiple units or components fail due to a single cause. The concept of common-cause failure and its impact on reliability measures of system effectiveness has been introduced by several authors. Dhillon and Anude (1993) studied common-cause failure analysis of a non-identical unit parallel repairable system with arbitrary distributed repair times. Haggag (2009) studied cost analysis of a system involving commoncause failures and preventive maintenance. Vashisth (2011) have analyzed the reliability of redundant system with common-cause failure. Maintaining a system with common-cause failure is often an essential requisite.
Series system is a configuration in which all components are in series and all components have to work for the system to work. If any one of the system components fails, the system fails. Whereas the parallel system fails only when all the system components fails.
Parallel configuration is used to increase the reliability of a system without any change in the reliability of the individual components that form the system. The problem of evaluating the availability and reliability of the parallel system has been subject of many studies throughout the literature (Kolowrocki (1994) , Pan and Nonaka (1995) , Ebeling (2000) and Kwiatuszewska (2001)).
In this paper, we analyze the reliability measures of the k-out-of-n:G warm standby parallel repairable system with replacement at each common-cause failure with constant failure and repair rates of the operating primary units and warm standby units using Markov model.
The following reliability measures of the system are obtained using Markov model for two configurations. Configuration Ι is a 2-out-of-4:G warm standby parallel repairable system, while Configuration ΙΙ is a 2-out-of-5:G warm standby parallel repairable system. i. Availability and steady state availability of the system. ii. Reliability and mean time to system failure.
We also perform sensitivity analysis for changes in the reliability characteristics along with changes in specific values of the system parameters.
This paper is organized as follows: Section 2 is devoted to the description and basic assumptions of the system. Section 3 is devoted to the reliability and availability analysis of the k-out-of-n:G warm standby parallel repairable system. In Section 4 we make a comparative analysis of the reliability measures of two dissimilar configurations of the k-out-of-n:G warm RT&A# 04(39) Repairable System with Replacement at Common-Cause Failure using Markov Model (Vol.10) 2015, December ‫ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ‬ ‫ـــــــــــــــــــــــــــــــــــــــــــــــــــــــــــــ‬ 56 standby parallel repairable system. Sensitivity analysis is carried out to depict the effect of various parameters on the reliability function and mean time to failure of the system. In Section 5, a numerical example is given. In Section 6, some concluding remarks are given.
Model Description and Assumptions
The following assumptions are associated with the system: 1. The system under consideration is a k-out-of-n:G warm standby parallel repairable system. At least k units of the system are required for the system to work. 2. The system consists of k primary units and nk  warm standby units and all the units are identical. 3. The system is subject to failure of a single unit and common-cause failure of more than one unit. 4. All primary units and warm standby units are considered to be repairable. 5. Each of the primary units fails independent of the state of the others, according to an exponential failure time distribution with parameter  , and the available warm standby units can also fail according to an exponential failure time distribution with parameter
6. When one of the primary units fails, it is instantaneously replaced by a warm standby unit if one is available. Switching from warm standby to operative unit is perfect and instantaneous. 7. When a standby unit switches into the operating primary unit successfully, its failure characteristics will be the same as that of the operating primary units. 8. Whenever one of the operating units or warm standby units fail, it is immediately sent to a repair. After repairing, the failed unit works like a new one. 9. There is a single repairman who attends to the failed units. 10 . The repairmen can repair only one failed unit at a time. 11. The failed system repair times are exponentially distributed. The units are repaired according to an exponential repair time distribution with parameter  . 12. Common-cause failure and failure of a single unit are statistically independent. 13. The common-cause failure affects only the units in operation and the affected units are replaced instantaneously. 14. The system at any working state can completely fail due to common-cause failure with constant common-cause failure rate. 15. When the system fails, no failure will occur for other working components. MTTF MTTF : mean time to failure of Configuration Ι / Configuration ΙΙ
Notations

Reliability and Availability Analysis of the System
With the help of the above notations and possible states of the system; the state transition diagram of the k-out-of-n:G warm standby parallel repairable system with replacement at each common-cause failure is shown in Figure 1 . Probability considerations gives the following set of differential difference equations associated with the state transition diagram of the k-out-of-n:G warm standby parallel repairable system:
The system availability is given by:
The initial conditions of the system are
To obtain the reliability function of the system, we assume that the failed states are absorbing states and set all transition rates from these states equal to zero. Now let     , 0,1,...., The system reliability is given by:
Comparative Analysis of Reliability Measures
On the basis of the above description and assumptions, we investigate the reliability measures of two dissimilar configurations. Configuration Ι is a 2-out-of-4:G warm standby parallel repairable system, while Configuration ΙΙ is a 2-out-of-5:G warm standby parallel repairable system.
Configuration Ι
Configuration Ι consists of 2 operating primary units and 2 warm standby units and all the units are identical and at least 2 units are required for the system to work.
i. Availability Analysis of the System
The state transition diagram of the 2-out-of-4:G warm standby parallel repairable system is shown in Figure 2 . The system of differential difference equations associated with the state transition diagram of the system are given by:
The system availability is given by
The initial conditions of the system are given by         
The steady state equations of the system are then 
Solving the system of linear Eqs.(14-17) using Maple program, we get the state probabilities determining the steady state availability of the system:
The steady state availability of the system is given by
ii. System Reliability and Mean Time to Failure
We assume that the failed states are absorbing states and set all transition rates from these states equal to zero. Now let     , 0,1, 2, 4 ii P t P t i  in Eqs. (8) (9) (10) (11) .
The set of differential equations associated with the system are given by:
The system reliability is given by The Laplace transformation of the reliability function of the system is given by
The mean time to system failure ( 1 MTTF ) is obtained using:
iii. Sensitivity Analysis of the Reliability and Mean Time to Failure of the System
The objective of reliability sensitivity analysis is to determine input variables that mostly contribute to the variability of the failure probability.
The results which can be obtained from any model are sensitive to many factors. In this paper, we concentrate our attention on parametric sensitivity analysis. Parametric sensitivity analysis helps in identifying the model parameters that could produce significant modeling errors.
One approach to parametric sensitivity analysis is to use upper and lower bounds on each parameter in the model to compute optimistic and conservative bounds on system reliability (Smotherman et al. (1986) ). Our approach is to compute the derivative of the measures of interest with respect to the model parameters (Goyal et al. (1987) and Smotherman (1984) ).
We first perform sensitivity analysis for changes in the system reliability 
Configuration ΙΙ
Configuration ΙΙ consists of 2 operating primary units and 3 warm standby units and all the units are identical and at least 2 units are required for the system to work.
i. Availability Analysis of the System
The state transition diagram of the 2-out-of-5:G warm standby parallel repairable system is shown in Figure 3 . The system of differential difference equations associated with the state transition diagram of the system are given by:
The system availability is given by 
A t P t P t P t P t
Solving the system of linear Eqs.(37-41) using Maple program, we get the state probabilities determining the steady state availability of the system:
ii. System Reliability and Mean Time to Failure
To obtain the reliability function of the system, we assume that the set of failed states are absorbing states and set all transition rates from these states equal to zero. Now let     , 0,1, 2,3,5 ii P t P t i  in Eqs.(37-41).
The set of differential equations associated with the system are given by: The system reliability is given by 
R t P t P t P t P t
Conclusion
In this paper we have utilized the Markov model to develop the reliability measures of the k-out-of-n:G warm standby parallel repairable system. All failure and repair rates of the system are constant. Comparative analysis of reliability measures between two dissimilar configurations has been developed. Configuration Ι is a 2-out-of-4:G warm standby parallel repairable system, while Configuration ΙΙ is a 2-out-of-5:G warm standby parallel repairable system. The system of differential equations with the initial conditions has been solved numerically using Laplace transformation by the aid of Maple program. Graphical representation of the reliability and availability of the two configurations versus time are made. Sensitivity analysis is also carried out to depict the effect of various parameters on the reliability function and mean time to failure of the system. Numerical example is given to illustrate the results obtained, and the results were shown graphically by the aid of Maple program. Results indicate that the reliability and availability of the system increase by increasing of the number of warm standby units. And the reliability and mean time to failure of the two configurations are sensitive to the failure and repair rates of the system and are not sensitive to the replacement rates.
